
4. Implementing operations on sets using finite automata

4.1 Implementation using DFAs

Recall:

Member(x,X) : returns true if x ∈ X, false otherwise
Complement(X) : returns U \X
Intersection(X,Y ) : returns X ∩ Y
Union(X,Y ) : returns X ∪ Y
Empty(X) : returns true if X = ∅, false otherwise
Universal(X) : returns true if X = U , false otherwise
Included(X,Y ) : returns true if X ⊆ Y , false otherwise
Equal(X,Y ) : returns true if X = Y , false otherwise
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We assume that each object (input, automaton, etc.) is encoded by one word.

We observe:

Membership : trivial, linear for fixed automaton
uniform word problem: low polynomial

Complement : trivial, swap final and non-final states
linear (or even constant) time
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Also consider these set operations:

Intersection(X,Y ) : returns X ∩ Y
Union(X,Y ) : returns X ∪ Y
SetDifference(X,Y ) : returns X \ Y
SymmetricSetDifference(X,Y ) : returns X M Y
Op(X,Y, Z) : returns (X ∪ Y ) \ Z
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The product construction or pairing for DFAs

Two DFAs run synchronously in parallel, an input word is accepted iff both automata
accept it.

Theorem 27
Let M1 = (Q1,Σ, δ1, s1, F1) and M2 = (Q2,Σ, δ2, s2, F2) be two DFAs. Then the
product automaton or pairing M = [M1,M2] of M1 and M2, defined by

M := (Q1 ×Q2,Σ, δ, (s1, s2), F1 × F2)

with δ((q1, q2), a) := (δ1(q1, a), δ2(q2, a)) for all q1 ∈ Q1, q2 ∈ Q2 and a ∈ Σ, is a DFA
recognizing L(M1) ∩ L(M2).
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Proof.
Induction on |w|. We have:

w ∈ L(M) ⇔ δ̂((s1, s2), w) ∈ F1 × F2

⇔ (δ̂1(s1, w), δ̂2(s2, w)) ∈ F1 × F2

⇔ δ̂1(s1, w) ∈ F1 ∧ δ̂2(s2, w) ∈ F2

⇔ w ∈ L(M1) ∧ w ∈ L(M2)
⇔ w ∈ L(M1) ∩ L(M2) .

Question: Does the pairing construction (for intersection) also work for NFAs?
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Definition 28
The reversal(mirror) of a word w = a1 · · · an is

wR := an · · · a1 .

The reversal of a language L is

LR := {wR;w ∈ L} .

Theorem 29
If L is a regular language, so is LR.
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Proof.
Let M = (Q,Σ, δ, q0, F ) be a DFA with L = L(M). We construct an ε-NFA
N = (Q ] {q′0},Σ, δ′, q′0, {q0}) as follows:

we reverse all state transitions, i.e., δ(q, a) = p iff q ∈ δ′(p);

we create the new start state q′0 of N , with ε-transitions to all f ∈ F ;

q0 becomes the (only) final state of N .

Following the state transitions of M on some arbitrary input w ∈ Σ∗ backwards, we
easily see that

L(N) = LR .
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Observation:

The product automaton/pairing of two DFAs with n1 resp. n2 states has (in
normal form) O(n1 · n2) states.

Hence, for DFAs with n1 resp. n2 states and an alphabet Σ with k letters, the
operations union, intersection, etc. can be carried out in O(k · n1 · n2) time.
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Language tests

Let A,A1, and A2 be DFAs, with L = L(A), L1 = L(A1), and L2 = L(A2) the
languages recognized by them, respectively. Note that we assume that all these
automata are in normal form!
Then we have

Emptiness: L is empty iff A has no final states.

Universality: L = Σ∗ iff A has only final states.

Inclusion: L1 ⊆ L2 iff L1 \ L2 = ∅.
Equality: L1 = L2 iff L1 M L2 = ∅.
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4.2 Implementation using NFAs

Recall:

Member(x,X) : returns true if x ∈ X, false otherwise
Complement(X) : returns U \X
Intersection(X,Y ) : returns X ∩ Y
Union(X,Y ) : returns X ∪ Y
Empty(X) : returns true if X = ∅, false otherwise
Universal(X) : returns true if X = U , false otherwise
Included(X,Y ) : returns true if X ⊆ Y , false otherwise
Equal(X,Y ) : returns true if X = Y , false otherwise
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Complement:

Swapping final and non-final states does not work.

Solution: convert to DFA and then swap states.

Problem: exponential blow-up of size of automaton!
Hence try to avoid this whenever possible!

However, in the worst case there is no better way: There are NFAs with n states
such that any minimal NFA for their complement has Θ(2n) states!
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Union and intersection:

The product/pairing construction still works for union and intersection, with the same
complexity, but (of course(!)) not for set difference or other non-monotonic operations.

There is a better construction for union (see a few slides down), but not for
intersection.
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