Algorithm 1 FacilityLocation

1: C < D// unassigned clients

2: k<0

3: while C +# 0 do

4: k—k+1

5: choose ji € C that minimizes v;‘ + C]*

6: choose iy € N(jk) according to probability x;, .

7: assign ji and all unassigned clients in N2 (ji) to iy
8: C — C— {jx} = N*(j)

19 Facility Location
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Total assignment cost:
> Fix k; set j = ji.
» Let £ € N2(j) and h (one of) its neighbour(s) in N(j).

» If we assign a client £ to the same facility as i we pay at
most

chjxijk+chj+ch,gst +vi+ vy <Cf+2v)
;

Summing this over all clients gives that the total assignment cost
is at most

ch+22vj sZCj+20PT
J J J

Hence, it is at most 20PT plus the total assignment cost in an
optimum solution.

Adding the facility cost gives a 3-approximation.

Lemma 12 (Chernoff Bounds)

Let X1,...,Xy be n independent 0-1 random variables, not
necessarily identically distributed. Then for X = 31| X; and
U=E[X],L<u=<U,anddé >0

el v
Pr(X = (1+6)U] < ((1+5)1+5> ,

and

e o t
PriIX<(1-0)L] < ((1—5)16) )

20.1 Chernoff Bounds
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Lemma 13
For 0 < 6 <1 we have that

5 U
e < ,-U8%/3
(1+5)1+5 =e

8_5 L 2

and

20.1 Chernoff Bounds
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Integer Multicommodity Flows

» Given s;-t; pairs in a graph.
» Connect each pair by a paths such that not too many path
use any given edge.

min w
s.t. Vi Dpep,xp = 1
Zp:eep Xp w

<
xp € {0,1}

m EADS Il 20.1 Chernoff Bounds
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Integer Multicommodity Flows

Randomized Rounding:

For each i choose one path from the set ; at random according
to the probability distribution given by the Linear Programming
Solution.

EADS Il 20.1 Chernoff Bounds
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Theorem 14
If W* = cIlnn for some constant c, then with probability at least
n=¢/3 the total number of paths using any edge is at most

W* + JecW*l1nn.

m EADS II 20.1 Chernoff Bounds
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Integer Multicommodity Flows

Let X! be a random variable that indicates whether the path for
si-t; uses edge e.

Then the number of paths using edge e is Y, = > ; XI.

ElYel=> > xp= > xj=<w*

i pePiecp p:ecP

m EADS II 20.1 Chernoff Bounds
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Integer Multicommodity Flows

Choose 6§ = +/(clnn)/W*.

Then
1

PI‘[Yg > (1+ 5)W*] < e’W*52/3 = W

20.1 Chernoff Bounds
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Repetition: Primal Dual for Set Cover

Primal Relaxation:

Repetition: Primal Dual for Set Cover

Algorithm:

» Start with y = 0 (feasible dual solution).
Start with x = O (integral primal solution that may be
infeasible).
» While x not feasible
» ldentify an element e that is not covered in current primal

integral solution.

> Increase dual variable y, until a dual constraint becomes
tight (maybe increase by 0!).

» If this is the constraint for set Sj set x; = 1 (add this set to
your solution).

21 Primal Dual Revisited
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min Zf:l WiXi
s.t. VuelU Siyes;xi = 1
Vie{l,...,k} xi = 0
Dual Formulation:
max et Yu
st. Vie{l,...,k} Duues,Yu = wj
yu = 0
EADS Il 21 Primal Dual Revisited
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Repetition: Primal Dual for Set Cover
Analysis:
» For every set S with x; = 1 we have
D, Ve =wj
eeSj
» Hence our cost is
Dwi=> > Ye= > [{j:e €S} -Ye < frD> Ve < fr-OPT
j j e€s; e e
m EADS Il 21 Primal Dual Revisited
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