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1 Notation and definitions

In this section we will introduce some notation used in in this paper.
x will denote a variable over {0,1}, 1 corresponds to True and 0 - to False.
A literal over x is either x (also z!) or 7 (zV).
A clause is defined as a disjunction of literals.
A CNF formula is conjunction of clauses.

Example 1 CNF: (Ty V x2) A (T2 V 3 V 24)

Definition 1 Let § = {C4,Cy, ...Cy,} be a CNF formula over n variables. A Resolution
derivation of a clause A from § is a sequence of clauses m = { Dy, Ds,...Dg} with Dg =
A and each line D; is either initial clause C; € § or derived from previous lines used one
of derivation rules

e (1) The Resolution Rule
Evzy FVvzx

EVF



e (2) The Weakening Rule
E

EVEF

where x € {1, 9, ...,x,} and E, F - arbitrary clauses.

The Weakening rule is not essential, as even without it the Resolution proof system is
complete.

Example 2 Application of resolution rule:
(fl V ZEQ) A (fg VxgV 1‘4) = (fl VxgV 374)
Definition 2 A resolution refutation is a resolution derivation of the empty clause 0.

Example 3 % = { (fl \/fg), (l’g \/fg), T2, Tq }

]) (fl \/Eg) (SCg \/Eg) = (fl \/Eg)
2) (fl \/Tg> T9 = T
3) 1 1 = 0 m= { (fl VTg), (1'3 \/f2>, To, T1, (fl \/fg), Z1, 0}

The Graph G, of a derivation 7 is a DAG with the clauses of the derivation as nodes
and derivation steps as edges, from the assumption clauses to the consequence clause. If
G is a tree, derivation 7 is called tree-like. We may make copies of original clauses in §
to make 7 tree-like.

The size of a derivation 7, denoted Sy, is the number of lines (clauses) in it. S(F) is
the minimal size of a refutation of §, and Sr(§) is the minimal size of a tree-like refutation

of §.

Definition 3 The width of a clause C, denoted w(C), is the number of literals in it. The
width of a set of clauses § is the mazximal width of a clause in the set:

w(§) = mazrcez{w(C)}

In most cases input tautologies § have constant width w(F) = O(1).
The width of deriving a clause A from the formula §, denoted w(F F A), is defined
as

w(FH A) = ming{w(r)}

where the minimum is taken over all derivations m of A from §. The notation § F,, A
means also that A can be derived from § in width w.
In our scope: width of refutations, namely

w(F F0)



Definition 4 For C a clause, z a variable and a € {0, 1}, restriction of x on a is:

C, ré¢C
C lpma=" ¢ 1, e’
C\ {z'7%}, otherwise

Similarly, for §
g ‘x:a:dEf {C |x:a: C e S}

For m ={C},...Cs} a deriwation of Cs from § and a € {0,1}, let 7 |,—o = {C1],...C5}
be the restriction of m on x = a, defined inductively by:

( C; |o=a CieC

ci v, C; was derived from
Cj, Vy and Cj, V 7y via resolution step,
fOT jl < j2 <1

Cj’- VA li—e, C;=C;V Aviathe weakening rule,
for g <i

\

2 The Size-Width Relations
Theorem 1 w(FF 0) < w(F) + log Sr(F)

Proof.

We show this by induction on the size of the resolution proof.

The claim holds for Sr(§) = 1. Now assume that for all sets § of clauses with a
tree-like resolution refutation of size Sp(§') < S, there is tree-like resolution refutation 7’
of § with

w(n’) < Tlog, ST+ w(F)

Consider a tree-like resolution refutation of § with Sr(§) = S. Let x be the last variable
resolved on to derive 0. So, we have two subtrees: one that derives x, and another one
that derives . One of the two subtrees has size size at most S/2 and the other has size
strictly less that S. Assume W.l.o.g that these are left (deriving 7) and right (deriving x)
subtree, respectively.

Since we can prove T from § in size S/2, we can also prove 0 from § |,—; in size at most
S/2. The induction hypotheses implies that we can also derive 0 from § |,—; with width
at most w-1:

W(F |o=1t 0) = [logy(5/2)] + w(F) = [logy(S)] + w(F) — 1

We add T to each of clauses in this proof, so we derive T from § in width w = [log,(S)| +

w(gF).



In similar way, starting with another subtree, which has size strictly smaller than S, we
can derive 0 from § |,—o in width at most w = [log,(S)] + w(F).

We can use a copy of the left-sub tree (that derives T) to resolve with each leaf clause
of the right subtree that contains x. This allows us to eliminate x right at the bottom of
the right subtree, and we are effectively left with § |.—o. So, we can derive 0 from this in
width [log,(S)] + w(3F).

O

Solving the inequality for St:

Corollary 1 Sp(g) > 2w 0)-w(@)

Theorem 2 w(FH 0) < w(F) + O(/nlnS(F))

Proof.

The key idea behind this proof is to repeatedly find the popular literals appearing in
large clauses in the given resolution proof. Resolving on these literals at the very beginning
allows us to keep the width of whole proof small.

We call a clause large if it has width at least W = v/2nIn S. Since there are at most
2n literals and at least W of them appear in any large clause, an average literal must occur
in at least W/2n fraction of large clauses. Let k be such that (1 — W/2n)kS < 1. It holds
if £ <+2nlnS. We show by induction on n and k that any § with at most S large clauses
has a proof of width < k + w(F).

The base case is trivial. Assume now that the theorem holds for all smaller values of n
and k.

Choose the literal x that occurs most frequently in large clauses and set it to 1. This,
by what we already observed, will satisfy at least a W/2n fraction of large clauses . What
we get as a result is a refutation of § |,—; with at most S(1 — W /2n) large clauses. By our
induction hypothesis, § |.—1 has a refutation of width at most k — 1 + w(§). Hence there
is a derivation of T from § of width at most k& + w(gF).

Now consider § |,—o. If we restrict the proof of § which has at most S large clauses,
we get a proof of § |,—0 with at most S large clauses and involving one less variable.
The induction hypothesis implies that there is a refutation of § |,—o with width at most
k+w(F).

As in the proof of tree-like resolution case, we can use the derivation of T from § in
width at most k& + w(F) at each leaf of the proof and resolve T with each clause of §
containing x to get § |.—o. We now use the refutation of the latter set in width k 4+ w(gF).

O

Corollary 2 S(F) = exp(Q(w(F + 0) — w(F))*n



3 Expansion

Let § be a set of unsatisfiable clauses and s(§) - the size of the minimum unsatisfiable
subset of §. We define boundary 0§ of § to be the set of variable appearing in exactly
one clause of §. Let the sub-critical expansion of § be

e(F) = rilz%%c)mmﬂ G |: GCF,s/2<|G| < s}
For clause C € 7 and collection of clauses G C §. Notation G =, C means that all
clauses in G are used in 7 to derive C.

Definition 5 Define complexity comp,(C) to be the size of set G C § with G =, C.
By definition comp.(0) > s(F) and comp,(C) =1 for C € §. comp, is subadditive:

compy(C) < compy(A) + comp, (B)
if C'is a resolvent of A and B.

The main tool, used in proving lower bounds on width, is the relationship between
width and expansion.

Theorem 3 If w is a resolution refutation of §, then w(w) > e(F).

Proof.
If G =, C then every variable in dG appears in C and so w(C) >| 6G |. For any
s < s(§) the last clause C in 7 with comp, < s satisfies w(C) >| §G | for some G C §
with s/2 <| G |< s. Maximizing over all choices of s < s((F)) we get w(m) > e(F).
O

4 Lover bounds for Tseitin and PHP

All lower bounds on width follow the same strategy:
(1) Define a complexity measure p : clauses — N such that p(Aziom) <1
(2) Prove u(0) is large
(3) Infer that in any refutation there is some clause C with medium size u(C')
(4) Prove that if u(C') is medium, then w(C) is large.

First we need to define a measure that will satisfy conditions (1)-(3).
For f a Boolean function, let Vars(f) denote the set of variables appearing in f. Let

a € {0,1}Vs(f) be an assignment to f. We say that a satisfies f, if f(a) = 1. For C
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a clause and I" a set of Boolean functions, let V' = Vars(I')|JVars(C). We say that I’
implies C, denoted I' = O, if every assignment satisfying every function v € I' satisfies C
as well.

Definition 6 Let A be an unsatisfiable set of Boolean functions, that is, A = 0, and let
C be a clause.

pa(C) =" min{| A'|: A C A AEC}
14 is a subadditive complexity measure with respect to resolution steps:

Lemma 1 Suppose D was inferred from B, C by a single resolution step. Then for any
set of boolean functions A:

pa(D) < pa(B) + pa(C)
To assure Condition (1), we want u(Aziom) to be small:

Definition 7 For § a nonsatisfiable CNF we say that A is compatible with § if A =0
and VC € § u(C) < 1.

The condition (2) is intuitively for "hard” tautologies.
The condition (3) can be deduced from the definitions:

Lemma 2 If A is compatible with §, then in every refutation of § there must be a clause
C with (0) 20(0)
1 f
L <u(0) < —~
5 Sul) = —
Definition 8 A Boolean function f is called Sensitive if any two distinct falsifying as-
signments o, 3 € f71(0), have Hamming distance greater than 1.

Examples of Sensitive functions are PARITY (see below) and OR.

Definition 9 For A a set of Boolean functions, and f € A, a Critical Assignment for
fis an assignment o € {0, 1}V 4 such that

0 g=1f
Q) =
i@ =11 T
For o, 3 € {0,1}Ve (A we say that (3 is the result of flipping a on the variable x, if

_J1-aly) y=2
g(e) = { a(y) otherwise
Definition 10 For f a Boolean function and = a variable, we say that f is dependent on
z, if there is some assignment « such that f(a) =0, but flipping « on x satisfies f.
For A a set of Boolean functions, the Boundary of A, denoted d.A, is the set of
variables x such that there is a unique function f € A that is dependent on x.

Note: for § a set of clauses, we have defined a Boundary of § as set of variables
appearing in exactly one clause. These definitions are essentially equivalent.



4.1 Tseitin Formulas

A Tseitin contradiction is an unsatisfiable CNF based on combinatorial principle that
for every graph, the sum of degrees of all vertices is even.

Definition 11 Fiz G a finite connected graph, with ]V(G)\ n. Fiz f:V(G) — {0,1}
a function which is odd-wetght, i.e. 3 ) f(v) =1 (mod 2). Denote by da(v) the
degree of v in G. Assign distinct variable x. to each e € E(G). Forv € V(G) define

PARITY, ="/ (@ z. = f(v) (mod 2))

vee

The Tseitin Contradiction of G and f is:

7(G,f)= J\ PARITY,
veV(Q)

If the maximal degree of G is constant, then initial size and width of 7(G, f) is also
small:

Lemma 3 If d is the mazimal degree of G, then 7(G, f) is a d-CNF with at most n - 2471
clauses, and nd/2 variables.

One very important lemma:

Lemma 4 If G is connected, then 7(G, f) is contradictory iff f is an odd weight function.
Definition 12 For G a finite graph, the Expansion of G is:
e(G) = min{| E(V', V\V")| : V! C V,|[V|/3 < [V'| < 2|V|/3}

The width of refuting 7(G, f) is a bounded from below by the expansion of the graph
G.

Theorem 4 For G a connected graph and f an odd-weight function on V(G),
w(T(G, f) F0) = e(G)

Proof.

Set Ay = {PARITY, : v € V(G)} and denote u(C) = pa, (C). Every axiom C is one
of the defining axioms of PARITY,. Clearly for this v PARITY, = C. So, for any axiom
C, u(C) = 1. We have shown, that Ay is compatible for 7(G, f).

Now we claim that p(0) =| V(G) |, because for any | V' |<| V(G() | Ay is satisfiable.

This can be explained as follows: let v be some vertex in V'
V'. The formula 7(G, f’) for

f,(u):{ 1— fluy) u=v

f(u) otherwise



So by Lemma 5, 7(G, f’) is satisfiable. Ay is a subformula of 7(G, f’), and hence satis-
fiable as well. Ay (q) is a collection of PARITY functions, which are sensitive. Finally, for
V' CV,0Ay ={z.:e€ E(V'|V
V’)}. This is true because, if e=(v,u), v € V', u € V
V', then PARITY, is the only function of Ay dependent on x.. Hence, e(Ay) > e(G) and
we can apply Theorem 3 to complete the proof.

4.2 The Pigeonhole Principle

The Pigeonhole Principle with m pigeons and n pigeonholes states that for m > n there
is no 1-1 map from m to n.

This can be stated as formula on n - m variables z;;, 1 <7 < m, 1 < j < n, where
x;; = 1 means that i is mapped to j.

Definition 13 PHP" is the conjunction of the sets of clauses:

Pz‘zdef \/ T

1<j<n

forl1 <i<m
] def — _
Hij’i/ = ef L5 \/{L‘i/j

for1<i<i <m,1<j<n.

For m > n, PHP™ is unsatisfiable CNF with m - n > n? variables, O(m?) clauses and
initial width n.

Example 4 PHP: m = 3 pigeons, n = 2 holes

Py = (211 V19) P = (w91 V) P3= (x31Vs) Hy = (T11VTa1) Hiz= (T11VT3)

H213 — (le \/531> H122 - (Ell \/fgl) H123 — (fll \/Egl) H223 - (521 \/531)

Resolution of PHP™:
w(PHP"F0)<n



Example 5 o Take (x11 Va2V 13V ... V I1y) (%)

and (fn V le), (512 V fgg), (Tln V fgn)
o Apply resolution rue consecutively, to achieve (T11V Tio V T13 V ... V T1y,)

e Then apply the resolution rule with (*) to become 0.

w(PHP™ + 0) < n, therefore we cannot achieve lower bound on size via size-width
relation:
Sp(F) > 2vE0-wE®

Sp(PHP™) > 2u(PHPIH0)—w(PHPT)
Sp(PHP™) > gu(PHPH0)—n
Sr(PHP) > 1
There are 2 different ways to generalize the pigeonhole tautologies to reduce the initial

width.

Definition 14 A Nondeterministic Extension of a Boolean function f(Z) is a func-
tion g(@,y') with:
f(@)y=1 iff Iy 9@, y)=1

The & wariables are called Original variables, and the 7y - Extension variables.

Definition 15 EPHP", a Row-Extension of PHP" is derived by replacing every row

n J

axiom P; with some nondeterministic extension CNF formula EP;, using distinct
extension variables v ; for distinct rows.

One standard extension:
Example 6 Replace each P; with:
Yio N /\(?Jijﬂ V Zij Vi) A Yin
j=1
- 3-CNF over n+2 clauses and 2n+1 wvariables

Theorem 5 Form >n, w(EPHP" F0) >n/3



Proof.

Define A = {A; : 1 <i < m} where A; is the conjunction of EP; and all hole axioms
H;’i/. We denote A; = \,;c; Ai. Set p(C) = pa(C).

Clearly, u(Aziom) < 1, u(0) = n + 1, and p is subadditive. Hence, in every refutation
7 there must be a clause C with n/3 < u(C) < 2n/3. Fix such a C and fix a minimal
I C [m] such that A; = C. Let R(C) be the set of rows who have a literal in C.

If | C |> n/3, we are done. Otherwise, there must be some i € I\R(C). Take
any assignment o such that Ap;(o) = 1, A;(a) = C(«) = 0, which must exist by the
minimality of I. Without loss of generality, « sets all variables outside R(C') |J I\i to 0. By
the definition of the A,’s the 1’s of original variables in o must be a partial matching. But
as | C |<n/3 and | I |<2n/3, there must be a column j in which no original variable is set
to 1. Flip the assignment o to set z;; to 1, and extend the nondeterministic variables y; in
any way to set FP; to 1. Call this new assignment (. It is easy to verify, that A;(3) =1,
C(B) = 0. This is a contradiction.

O

Corollary 3 For all m > n and any Row Extension of PHP™, Sp(EPHP™) = 29"

Definition 16 Generalized PHP: Let G = (VHU), E) be a bipartite graph, |V| =
m, |U| =n. We assign a distinct variable x. to each edge. G - PHP is the conjunction
of following clauses:

o P,=tl\/ _x. for veEV
o HY, =l T, N Ty for e=(v,u), ¢ = (v, u), v, eV, v#£v, uel
Note: PHP" = K,,,,, — PHP
Lemma 5 For any two bipartite graphs G, G’ mit V(G) = V(G’):
E(G")CE@G), = S — PHP)<S(G — PHP)

It means:

S(PHP™) > S(G — PHP)

Definition 17 Bipartite Expansion. For a vertex u € U, let N(u) be its set of neigh-
bors. For a subset V! C V' let its boundary be

SV' =" {u e U+ |N(u) (V| = 1}
A bipartite graph G is a (m,n,d,r,e)-Expander if:

10



o [Vi=m,|U|l=n
o dg(v) <d forVYv eV
e VV' CV V<1 |6V'|>elV|
Theorem 6 For every bipartite graph G that is an (m,n,d,r,e)-expander
w(G — PHPF0)> (r-e)/2

Proof.

We define A = {4, : v € V} with A, as the conjunction of P, and all hole axioms
HV'. Let us denote Ayr = A\, cyr Av. Set u(C) = pa(0).

p(Aziom) < 1, u(0) > r (because every V' of size | V' |< r has a matching into
U), and p is subadditive. Hence, in every refutation 7 there must be a clause C with
r/2 < pu(C) < r. Fix such a C and fix a minimal V' C V such that Ay | C.

We claim that for each u € 0V, there must appear in C some variable z(; ), for some
0 € V (but not necessarily in V’). Indeed, for such a boundary u, let v be its only neighbor
in V'. Assume for the sake of contradiction that C has no variable x(;,). Let o be the
assignment satisfying Ay () and falsifying A, and C. Clearly « assigns zero to z,,,. We
assume without loss of generality that o sets to zero all variables z(;.,), because this cannot
falsify any axiom P,, for v" € V' (recall that z(,,) is a boundary variable). Thus, we may
flip o on z(, ), and get an assignment satisfying Ay, without changing the value of C
(zero), so we get a contradiction. This means, that the width of C is at least the size of

its boundary, and the theorem is proven.
O

5 Conclusion

For 7 a contradiction over n variables:

e if exists tree-like refutation of size S, then there is a refutation of maximal width
log, St.

e if it has a general refutation of size S, then it has a refutation of maximal width
O(yv/nlog S)

This relations can be useful to

e prove size lover bounds by proving width lover bounds

e develop automatic provers

11
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