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Abstract

This paper gives an introduction to computational commutative al-
gebra. Besides classical algebraic geometry and Grobner basis theory,
we will discuss the computational complexity of some decision problems
involved.
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1 Introduction

Problems from many different areas lead to a system of multivariate polynomial
equations. Among them are robotics, term rewriting or automatic theorem
proving in geometry. We give a simple example from graph theory.

Ezample. We want to find a 3-colouring of the following graph G = (V| E):

3

If we take as colours the three cubic roots of unity 1,e?/3)7 /37 the 3-
colourings of G are exactly the tuples (&, ...,&;) € C* satisfying

X} —1=0, for all vertices i € V,
XP 4+ X X;+ X7 =0, for all edges (i, ) € E.

2 Algebraic Geometry

Classical algebraic geometry studies zero sets of systems of polynomial equa-
tions. This section follows parts of a lecture on commutative algebra given by
Prof. Gregor Kemper at the Technische Universitat Miinchen in 2006. Further
references are [CLO97] and [La05].

In this paper, R is always a commutative ring with unity, and K is always
a field. By N we denote the natural numbers N = {0,1,2,...}.

2.1 Ideals

Our main algebraic object of interest will be the ideal in a ring.
Definition 1. A subset I C R is called an ideal in R, written I < R, if
(i) 0 €I,
(ii) a+be [ for all a,b € I, and
(iii) r-a€lforallr € Rand a € I.

Ideals are exactly the kernels of ring homomorphisms. In ring theory, they
play a similar role as for example normal subgroups in group theory. The
following property of ideals is immediate.



Proposition 2. Let M be a nonempty set of ideals in R. Then

1!

IeM

is an ideal in R.
Ideals can be described by means of generating sets.

Definition 3. Let A C R be a subset. Then

W= (O I

I<4R, ACI
is called the ideal generated by A.

Hence, (A) is the smallest ideal containing A. For algorithmic purposes,
finite generating sets are of particular interest. In this case, every element of
the ideal can be written as an R-linear combination of the generators.

Definition 4. Anideal I < R is called finitely generated if there exist aq, ..., a5 €
R such that
I ={ay,...,as).

Proposition 5. Let ai,...,a; € R. Then
(ai,...,as) = {Zle ria; | 1, s € R}.
The basic operations that can be performed with ideals are the following.
Definition 6. Let I, J < R be ideals.
(1) The sum of I and J is defined by

I+J={a+blaclandbe J} <R

(2) The product of I and J is defined by

I-J:{ijlaibi|ai61, biEJandser}g]R

I+ J is the smallest ideal containing both I and J. Given the generators of
finitely generated ideals it is easy to find generators for the sum and product.
For the intersection this is not evident a priori.

Proposition 7. Let I = (ay,...,as) < R and J = (by,...,b) < R be ideals.
Then:

(]) I—|—J:<a1,...,(157b1,...,bt>.

(2) I-J=(abj|1<i<sandl<j<t).



Rings in which every ideal is finitely generated are called Noetherian and
can be characterized as follows.

Definition 8. A ring R is called Noetherian if it satisfies the ascending chain
condition (ACC): Let Iy, I5, I3,... < R be ideals with

LChLhClzC...,
then there exits an N € Nyg such that Iy = vy = Iyio=....
Proposition 9. Let R be a ring. Then the following are equivalent:
(1) R is Noetherian.
(2) Every ideal I < R is finitely generated.
(8) Every nonempty set M of ideals in R has a mazimal element.
Proof. (2) = (1): Let I, I, I3,... < R be ideals with
LCLCI;C....

Then I := {U;cy_, Li is an ideal in R. By (2), there are ay,...,a5 € R such
that I = (aq,...,as). Hence, there is an N € Ny with ay,...,a, € Iy and
therefore Iy = Iy = .. ..

(1) = (3): Assume by way of contradiction that there exists a nonempty set
M of ideals in R that has no maximal member. We will use this to construct
inductively an infinite proper ascending chain of ideals. Since M # 0, we can
choose I; € M. Suppose we have

LGhLG -Gl

with I, ..., I; € M for some ¢ > 1. Since [; is not maximal in M, there exists
an ideal ;41 € M with I, C I,;;. Continuing this process yields a chain as
desired contradicting (1).

(3) = (2): Let I < R. Define

M = {J < R| J finitely generated with J C I} # 0.

By (3), there is a maximal element I’ € M. Suppose that I’ C I. Then there
isan a € I\ I'. Hence I' + (a) C I is finitely generated contradicting the
maximality of I’. Therefore I = I’ is finitely generated. H

As a consequence, principal ideal domains like Z or K[X] and fields K are
Noetherian. A famous result due to Hilbert now shows that polynomial rings
over Noetherian rings are again Noetherian.

Theorem 10 (The Hilbert Basis Theorem). Let R be a Noetherian ring. Then

R[X] is Noetherian.



Proof. Let I < R[X]. We want to show that [ is finitely generated. For
1 =1,2,... define

I; ={vrc(f)| f €I with deg(f) =i} U {0} C R.

It is easy to see that I, I5,... < Rand Iy C I, C ---. Since R is Noetherian,
thereis an N € Ny such that Iy = Iy, = .... Moreover, there is an s € Ny
and a;q,...,a;s € I; such that

Ii = <CLZ'1, c. ,ais>

for all ¢« = 1,..., N. By the definition of the I;, we can choose polynomials
fij € I with deg(f;;) = ¢ or deg(fi;) = —oo such that a;; = LC(f;;) for all
t=1,...,Nand j=1,...,s. Define

]':<f1]|Z:1,,Nandjzl,,s>§]

To finish the proof it suffices to show I C I'. Let f € I. We argue by induction
on i := deg(f) that f € I'. The statement is clear for f = 0. If ¢ > 0, denote
k =min{i, N} and £ = max{i, N}. We can write LC(f) = D _]_, rjax; for some
ri,...,rs € R. Define

f/ = erfijZ_N er.

j=1

Then deg(f') = i = deg(f) and Lc(f’) = Le(f). Therefore deg(f — f/) < i
and by induction it follows that f — f’ € I, hence f € I'. O

Using induction, it follows that every ideal in a multivariate polynomial
ring over a field is finitely generated.

Corollary 11. Every ideal I < K[X;,...,X,] is finitely generated. Moreover,
for any A C K[Xy,...,X,] there is a finite subset B C A such that

2.2 Affine Varieties

Affine varieties are the common zero set of a system of polynomials and will
be considered as an geometric object in the affine space K™.

Definition 12. Let I C K[X3,..., X,,] be a subset. Then the set

Var(l) = {(1,... &) € K™ | f(6r,... &) = 0 forall f € I}
is called the affine variety defined by I.

By the following proposition, we can always assume our system of polyno-
mials to be an ideal.



Proposition 13. Let fi,..., fs € K[Xy,...,X,]. Then

Var(fl, cey fs) = Var((fl, Cey fs))

On the other hand, given a set of zeros in affine space, we can consider all
polynomials that vanish on all zeros simultaneously.

Definition 14. Let V C K™ be a subset. Then the set

(V) ={f e K[X1,....,X,]| f(&,...,&) =0forall (&,...,&) €V}
is called the (vanishing) ideal of V.
It is easy to verify that Id(V) is indeed an ideal.

Proposition 15. Let V C K™ be a subset. Then
(V) < K[Xy,..., X,

The following proposition shows how operations on varieties correspond to
operations on ideals.

Proposition 16.
(1) We have @ = Var(K[X1, ..., X,]) and K™ = Var((0)).
(2) Let I,J Q K[Xy,...,X,] be ideals. Then

Var(I) U Var(J) = Var({ - J) = Var(I N J).
(3) Let M be a nonempty set of ideals in K[Xy,...,X,]|. Then

ﬂ Var(I) = Var(Uyer 1)

IeM

In particular, affine varieties form the closed sets of a topology, which is called
the Zariski topology on K™.

2.3 Hilbert’s Nullstellensatz

In this section we derive a relationship between Var and Id. The result will be
a generalization of the Fundamental Theorem of Algebra.

Theorem 17 (The Fundamental Theorem of Algebra). Every nonconstant
polynomial f € C[X] has a root £ € C:

[ =0



Fields with this property are called algebraically closed. So let K be an
algebraically closed field and I < K[X7,..., X,] an ideal. Obviously Var(I) #
0 can only hold if 1 ¢ I or equivalently I C K[X,...,X,] is a proper ideal.
It turns out that this condition is already sufficient.

Lemma 18. Let K be a field and let L/ K be a field extension which is finitely
generated as a K-algebra. Then L is algebraic over K.

Proof. See for example [La05]. O

Theorem 19 (The Maximal Ideal Theorem). Let K be algebraically closed.
Then an idealm I K[X7, ..., X,] is mazimal if and only if there exist &y, . .., &,
K such that

m=(X;—&,.... X, — &)
Proof. Let &,..., &, € Kand m = (X; —&,..., X, — &) < K[Xy,...,X,].
The map
v: K[Xy,...,X,] — K, [ f&,...,&)
is a ring epimorphism with ker ¢ = m. By the first isomorphism theorem
K[Xl,...,Xn]/m%K

is a field and therefore m is maximal.

Conversely, let m < K[X, ..., X,,| be amaximal ideal. Then L := K[X},...

is a field extension of K which is generated by
Xi+m,.... X, +m

as a K-algebra. By Lemma 18, L is algebraic over K, but since K is alge-
braically closed, there is a ring isomorphism ¢ : L. — K. Define §; := o(X;+m)
foralli=1,...,n. Let f € (X1 —&,...,X, —&,), then

0=f(&,. - &) = fleXi+m),...,o(X, +m)) =o(f +m)

and so f € m. Therefore (X; — &;,..., X, —&,) € m. But by the first part of
the proof, (X7 —&;,..., X, — &,) is maximal, and hence equality holds. H

In this situation the variety Var(m) = {(51, . ,fn)} is a point in K™.

Theorem 20 (The Weak Nullstellensatz). Let K be algebraically closed and
let I < K[X,...X,] be a proper ideal. Then

Var(l) # @.
Proof. Define
M:={J < K[X;,...,X,]| J proper with ] C J} # @.

Since K[Xj,...X,] is Noetherian, M contains a maximal element m which
is also a maximal ideal and satisfies / C m. By the Maximal Ideal Theorem
there are &1, ...,§, € K such that m = (X7 — &,..., X,, — &,).

Let f € I. Then f € m and hence f(&,...,&,) = 0. Therefore

(&1,...,&,) € Var(1). 0

S

Xl fm



The Weak Nullstellensatz suggests that there is a one-to-one correspon-
dence between varieties and ideals. However, this is not true as one can see
from the example Var((X)) = Var((X?)) = {0}. Here, the correspondence
fails for the following reason: a power of a polynomial vanishes on the same
points as the original polynomial.

Definition 21. Let I < R be an ideal.

(1) The radical of I is defined by

ﬁ:{aER\aeelforsomee€N>o}51R.

(2) 1 is a radical ideal if I = /1.

Restricting to radical ideals we obtain a strong version of the Nullstellen-
satz.

Theorem 22 (The Strong Nullstellensatz). Let K be algebraically closed and
let I QK[Xy,...X,]. Then

Id(Var(1)) = VT.

Proof. Let f € v/I. Then there is an e € N.g such that f¢ € I. Since

fe(&, ..., &) = 0 implies f(&,...,&) = 0 for all (&,...,&,) € Var(l), it
follows that f € Id(Var(1)).

Conversely, let 0 # f € Id (Var(] )) By the Hilbert Basis Theorem there
are f1,..., fs € K[Xy,...,X,] such that I = (f1,..., fs). The following con-
struction is known as the Rabinovich trick. Define

Ji={f1, ., fsy Xoaf — 1) S K[Xy,..., Xpp1].

Then Var(J) = &, because otherwise there is a (&1,...,&,11) € K™ such
that f;i(&,...,&,) =0fori=1,... ;s and &,41 - f(&,...,&) — 1 = 0 which
contradicts f € Var([). By the Weak Nullstellensatz, J = K[X7,..., X,1]
and hence there are ¢, ...,qs,q € K[X1,..., X,11] such that

1= Q1f1 4 +Qst +q<Xn+1f - 1)

Applying K[Xy,..., X1 — K(Xy,..., Xpn1), f — f(Xy,..., Xy,
both sides we obtain the equation

%) to

1:ql(Xl""’X”’%)fl+"'+qS(X1,-..,Xn,%)fS

in the field of rational functions. Multiplying a suitable power of f at both
sides clears all denominators and yields f € /1. O



2.4 Algebra—Geometry Dictionary

From the Strong Nullstellensatz we obtain a one-to-one correspondence be-
tween varieties and radical ideals.

Theorem 23. Let K be algebraically closed. The map
Var : {mdical ideals I 4 K[Xq,. .. ,Xn]} — {varieties V C K"}
s a bijection with inverse Id. Both maps are inclusion-reversing.

Varieties that cannot be decomposed in smaller subvarieties are called ir-
reducible.

Definition 24. Let V C K™ be an affine variety. V is called irreducible if
V=Wul, = V=ViaV=1
for all varieties V7, V5 € K™.

By the following proposition, irreducible varieties correspond to prime ide-
als.

Proposition 25. Let V. C K™ be an affine variety. Then
V irreducible < 1d(V) is a prime ideal.

We have shown that there is a strong relationship between algebraic objects
in K[Xy,...,X,] and geometric objects in K™. We obtain a dictionary between
algebra and geometry, provided that K is algebraically closed.

ALGEBRA GEOMETRY
K[Xy,..., X,] K"

radical ideals affine varieties
prime ideals irreducible varieties
maximal ideals points

ascending chain condition descending chain condition

3 Grobner Bases

In the last sections a lot of algorithmic questions arised:

Ideal membership problem: f e I 7

Consistency problem: 1 € [ ?

Radical membership problem: f € /I ?

Solving systems of polynomial equations

9



e Computing intersections of ideals
o ...

Let us first have a look at the ideal membership problem in the univari-
ate case. Let I = (f1,...,fs) < K[X] be an ideal and let f € K[X] be a
polynomial. Since K[X] is an Euclidean domain we can write

I'=(f1,..-, fs) = (9),

where g = ged(fi, ..., fs) can be computed by Euclid’s Algorithm. Division
with remainder yields unique ¢,r € K[X] such that

f=qg+r,  deg(r) <deg(yg).
By the uniqueness of the remainder it follows that
fel << r=0.

In this section we present a division algorithm in K[Xj, ..., X,] with similar
properties, following closely [vzGGO03] and [CLO97]. An additional reference
is [Eis95].
3.1 Division Algorithm
We identify
a=(a,...,a,) EN"  —— X*=XM... X" c K[Xy,...,X,]

and introduce some notation.
Definition 26. Let f =) . X* € K[Xq,..., X,].

1) X is called monomial for all o € N",
2) The total degree of X® is |a| :=aq + -+ + .
4) a, is called the coefficient of X .

5

(1)
(2)
(3) The total degree of f is deg(f) = max{|a| | o € N* with a, # 0}.
(4)
(5) If an # 0, then a, X is a term of f.

As in the univariate case, the division algorithm requires the notion of
leading terms. For this, we need an order on the monomials. This order should
be total and it should respect the multiplication of monomials. Moreover, for
the division algorithm to terminate, it should be a well-order.

Definition 27. A monomial order < in K[X3,...,X,] is a relation on N"
such that the following hold:

10



(i) < is a total order on N,
(i) a<f = a+vy<p+~forall af,ye N and
(iii) < is a well-order.
If a, 3 € N with a < 3, we write X < X5,
The three standard examples of monomials orders are the following.
Definition 28. Let «, § € N".
(1) The lexicographic order < on N™ is defined by

a <ex f§ <= the leftmost nonzero entry in a — 3 € Z" is negative.

(2) The graded lexicographic order <gex on N™ is defined by

a0 <giex <= |a| <|0] or (|a| = |B] and @ <iex 3).

(3) The graded reverse lexicographic order <geyviex o0 N™ is defined by

(Ja| = [B] and the rightmost nonzero
a <grevlex ﬂ — ’CY‘ < |ﬁ’ or . n . ..
entry in o« — € Z" is posmve).

In analogy to the univariate case we define the following.

Definition 29. Let f =) an X® € K[X1,...,X,] \ {0} and let < be a
monomial order on N"™.

(1) The multidegree of f is multideg(f)

aeN”

max{a € N"| a, # 0}.

Amattideg(f) € K\ {0}
(3) The leading monomial of f is LM(f) = Xmultideg(f),

(2) The leading coefficient of f is LC(f)

(4) The leading term of f is LT(f) = LC(f) - LM(f).
Moreover, multideg(0) = —oo and Lc(0) = LM(0) = LT(0) = 0.

Example. Let f = X?Y + XY?2+Y? fi = XY —1and f, = Y2 — 1 be poly-
nomials in R[X, Y] and let <=<¢,. We perform the straightforward division
procedure:

XY -1 Y?2—1 rem
XY + XY? +Y? X

—(X?Y — X)

XY’ + X +Y? Y

—(XY2-Y)

X+Y?4+Y X

-X

Y2+Y 1

—(Y?-1)

Y +1

11



Note that in the second step we could have used f5 for division as well. In the
third step a phenomenon occured that cannot happen in the univariate case.
The leading term X is not divisible by any of LT(f;) and LT(f;), whereas there
are still terms in X + Y2 +Y that are divisible by them. Therefore we moved
X to the remainder column. From the above table we conclude

f=(X+Y) - i+l - o+ (X+Y +1)

Algorithm 30 (Division Algorithm).

Input: f, fi,...,fs € K[Xy,...,X,]\ {0} and a monomial order <.
Output: ¢,...,q,7 € K[Xy,...,X,]such that f =q¢ fi+ - +qsfs +r and
no term in r is divisible by any of LT(f1),...,LT(fs). Moreover, multideg(f) =
multideg(g; f;) foralli =1,...s.

(1) p— f, r<0, fori=1,...,sdoq « 0
(2) while p # 0 do

e if LT(f;) | LT(p) for a minimal i € {1,...,s} then
LT(p) o L)

Lr(fi)’ b LT(f;)

Qi <~ ¢ + - fi

e else
r—r+Lr(p), p<p—Lr(p)

(3) return ¢, ...,qs,r

Proof of correctness. At each entry to the while-loop the following invariants
hold:

O f=ptafit-+aftr
(ii) no term in r is divisible by any of LT(f),...,LT(fs), and
(iii) multideg(f) = multideg(g; f;) for alli =1,...,s.
The algorithm terminates if eventually p = 0. If p is redefined to be p’ # 0
during the while-loop, then
multideg(p’) < multideg(p).

Therefore p = 0 must finally happen, because otherwise we would get an infi-
nite decreasing sequence of multidegrees contradicting the well-order property
of <. O]

The remainder on division of f by the s-tuple F' = (fi,..., fs) is denoted
by

—F

f.
The Division Algorithm has a major drawback: the remainder TF need not be
unique and depends on the order of fi,..., fs. In particular it may happen

that f € (f1,..., fs) and still 7F # 0. Grobner bases are special generating
sets that overcome these problems.

12



3.2 Existence and Uniqueness

Definition 31. An ideal I < K[X3,..., X,,] is called monomial ideal if there
is a subset A C N"™ such that

I=(X" = (X acA).
The key property of monomial ideals is the following lemma.

Lemma 32. Let A C N" be a subset, [ = (X*) < K[X,,...,X,] a monomial
ideal and B € N". Then

XPel <« 3JacA: X“|X°

Proof. Let X? € I. Thenthereareq,...,q € K[X1,...,X,]and ay,...,a, €
Asuch that X7 =37 | ¢;X. Therefore X? occurs in at least one of the ¢; X
and hence X% | XP.

The converse implication is obvious. O

Lemma 33 (Dickson). Let A C N" be a subset and I = (X4) < K[X4,...,X,)]
a monomial ideal. Then there exists a finite subset B C A such that

(X4 = (X7).
Proof. This follows immediately from Corollary 11. O]

Dickson’s Lemma motivates the following definition.

Definition 34. Let I < K[X7,..., X,] be an ideal and let < be a monomial
order on N™. A finite set G C [ is a Grébner basis for I with respect to < if

(LT(G)) = (Lr(1)).

Theorem 35. Let < be a monomial order on N". Then every ideal I <
K[Xy,..., X, has a Grébner basis G w.r.t. <. Moreover,

I=(G).

Proof. The first statement follows directly from Dickson’s Lemma. For the
second statement let f € [ and G = {g1,...,9:}. The Division Algorithm
yields ¢, ...,q,r € K[Xy,...,X,] such that f = ¢191 + -+ ¢.9: + r and no

term of r is divisible by any of LT(¢1),...,LT(¢;). Butr = f—q191— - - —qg: €
I and hence Lr(r) € LT(/) = (LT(G)). From Lemma 32 it follows that r = 0
and thus f € (G). O

For Grobner bases, the Division Algorithm yields a unique remainder.

Theorem 36. Let I < K[Xy,...,X,] be an ideal and let G be a Grébner basis
forI. Let f € K[X3,...,X,]. Then there is a unique r € K[X,...,X,] such
that

13



(i) f—rel, and
(ii) no term of r is divisble by any term in LT(G).

In particular, r = TG is the remainder on division of f by G and is called the
normal form of f with respect to G.

Proof. The Division Algorithm proves the existence of an r with the desired
properties. For the uniqueness, let ¢g,¢' € I and r,r" € K[Xy,...,X,] such
that f = g+r = ¢+’ and both r and r’ satisfy (ii). Thenr —r'=¢ —g € I
and hence LT(r —7') € (Lr()) = (LT(G)). By Lemma 32, thereisa g € G
with LT(g) | LT(r — 7’). Therefore r — r' = 0. O

In general, an ideal can have many different Grobner bases. By the fol-
lowing observation, there may be elements in a Grobner basis that can be
eliminated.

Lemma 37. Let I < K[Xy,...,X,] be an ideal and let G be a Grobner basis
for I. If g € G such that

Lr(g) € (Lr(G\ {g})),
then G\ {g} is also a Grébner basis for I.

Definition 38. Let I < K[X},...,X,] be an ideal. A Grobner basis G for [
is called minimal if for all g € G

(i) Lc(g) =1, and
(if) Lr(g) & (Lr(G \ {g}))-

An ideal might still have many different minimal Grobner bases G. If we
replace each ¢ € G by the reduced element g7\M9} we obtain a unique basis.

Definition 39. Let I < K[X;,...,X,] be an ideal and let G be a Grobner
basis for I. An element g € G is called reduced with respect to G if no term of

g isin
(Lr(G\ {g})).
G is called reduced if G is minimal and every g € G is reduced with respect to

G.

Theorem 40. Fvery ideal I < K[X1,...,X,] has a unique reduced Grébner
basis.

14



3.3 Buchberger’s Algorithm

The proof of the existence of Grobner bases was non-constructive. We are not
even able to detect wether a given generating set G = {g1, ..., ¢:} is a Grobner
basis. One reason why G might fail to be a Grébner basis could be a linear
combination of the g; whose leading term is not in (LT(G)) due to cancellation
of leading terms of the g;. The S-polynomial of two polynomials f and g is
defined in such a way that the leading terms of f and g cancel.

Definition 41. Let f, g € K[X1, ..., X,]\{0} and let X7 = lem(LM(f), LM(g)).
Then the S-polynomial of f and g is

X7 7 X7
- L1(/f) LT(g

The following theorem shows that every kind of cancellation can be ac-
counted for by S-polynomials.

Theorem 42 (Buchberger 1965). A finite set G = {¢1,...,9:} C K[X1,...,X,)]
is a Grobner basis for the ideal (G) if and only if

S(gig5) =0 (%)

foralll <i<j<t.

Proof. If G is a Grobner basis then (x) is fulfilled because of the uniqueness
property in Theorem 36.

Conversely, suppose that () holds. Assume by way of contradiction that
G is not a Grobner basis. Then there is an f € I with LT(f) ¢ (LT(G)). We
choose q1,...,q € K[X3,...,X,] such that

f=agn+ - +aqg
and both
(i) 0:= max{multideg(qlgl), . ,multideg(qtgt)}, and
(ii) k= Hqigi | multideg(q;g;) = and 1 < i < t}‘

are minimal. This is possible because < is a well-order. We may assume w.l.o.g.
that multideg(qi1g1) = ... = multideg(qrgx) = 0 and multideg(q;g;) < 9 for
k < i < t. Since LT(f) is not divisible by any term in LT(G), the terms
in the ¢;g; that contain the monomial X must cancel, in particular k& > 2.
For i = 1,2 we denote LT(¢;g;) = a;b;, where a; and b; are terms in ¢; and
g; respectively. Since ai;b; = ¢ - asby for some ¢ € K, there is a polynomial
re K[Xy,...,X,] such that

- lcm(bl, bg)
by

= Q.

15



By (%), there are r1,...,7 € K[Xy,...,X,] such that

S(g1,92) = righ + -+ + TG

and multideg(S(g1,92)) » multideg(r;g;) for i = 1,...,t. Expanding the
expression

f=F=r(S(g1,92) — X1 7i9:)
= Qo+ 4G

for some ¢,...,q € K[Xy,...,X,]| yields a representation of f such that
multideg(gsg2) = ... = multideg(q,gx) = ¢ and multideg(g;g;) < 0 for i = 1
and k < ¢ <t. This contradicts the minimality of k. O

Buchberger’s criterion naturally leads to the following algorithm.

Algorithm 43 (Buchberger’s Algorithm).
Input: fi,...,fs € K[Xj,...,X,] and a monomial order <.
Output: A Grébner basis G for the ideal I = (f1,..., fs) w.r.t. < such that

fi,oo o fs €G.
(1) G—{fr,.... [}
(2) repeat
(a) S— @
(b) for each {g¢,¢'} C G with g # ¢’ do
o« r—5(g.g)
o if r£0then S — SU{r}
(¢c) G—GUS
until § = o
(3) return G

Proof of correctness. At each stage of the algorithm G C I holds, and since
fi,--, [s € G, we also have (G) = I. The algorithm terminates if eventually

G
S(g.9) =0

for all g,¢" € G with g # ¢’. Then G is a Grobner basis for I by Theorem 42.
Assume that G is redefined to be G’ with G C G’ during the repeat-until-

loop. Then there is an r € G’ such that no term in r is divisible by any term
in LT(G). Hence LT(r) ¢ (LT(G)) but LT(r) € (LT(G")), and therefore

(L1(@)) & (Lr(G)).

Thus the algorithm must finally terminate, because otherwise we get an infi-
nite proper ascending chain of ideals in contradiction to K[X7,...,X,] being
Noetherian. O]
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3.4 Applications

The uniqueness of the remainder on division by a Grobner basis and the unique-
ness of reduced Grobner bases solves the ideal membership and the consistency
problem respectively.

Proposition 44. Let I < K[X,...,X,] be an ideal and let G be a Grébner
basis for I. Let f € K[X3,...,X,], then

fel — Fi=o.

Proposition 45. Let I <4 K[X3,...,X,] be an ideal and let G be the reduced
Grobner basis for I. Then

lel < G={1}.

By applying the Rabinovich trick, we can reduce the radical membership
problem to the consistency problem.

Proposition 46. Let I = (f1,...,fs) < K[Xy,...,X,] be an ideal and let
f e K[Xy,...,X,]. Define

J:: <f17-.-7f37 Xn+1f_1> gK[Xl,,XnJrl]

Then
fevli < 1elJ

Proof. If 1 € J then we obtain f € /I like in the proof of the Strong Null-
stellensatz.

Conversely, let f € v/I. Then there is an e € N such that f¢ e I C J.
Therefore

=X/ - (X5+1fe -1)
= Xo o f = (XS T A X S+ D) (X f —1) €. u

Grobner bases are also useful for solving systems of polynomial equations
because of elimination properties of the <., order.

Definition 47. Let I < K[X;,..., X, ] be an ideal. The ¢-th elimination ideal
I, is defined by
L=INK[Xe1, .. Xl

Theorem 48 (Elimination Theorem). Let I < K[X;,...,X,] be an ideal and
let G be a Gréobner basis for I with respect to <j... Then

Go=GNK[Xp,. .. Xl

1s a Grobner basis for I.
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Ezample. Recall the graph G = (V, E) from the introductory example:

Let
I=(X]—1]ieV)+ (X} +X;X; + X7| (i,j) € E) <C[Xy,..., X4
The reduced Grébner basis for I w.r.t. <jx is G = {g1, ..., 94} with
g = X1 — Xy,
g2 = Xo + X3+ Xy,

g3 = Xz + X3X4 + X3,

From the triangular form we find that for instance (1,e®/®7 @3 1) ¢
Var(7).

The following proposition together with the Elimination Theorem shows
how to compute the intersection of ideals.

Proposition 49. Let I,J < K[Xy,...,X,] be ideals. Then
INJ=(Xg-I+(1-Xo) -J)NK[Xq,...,X,].
Proof. Let f € I'NJ. Then
f=Xof+(1—=Xo)f € (Xo- I+ (1-Xp) - J)NK[Xq,...,X,].

Conversely, let f € (XO T4+ (1—Xp) - J) NK[Xy,...,X,]. Then there are
fi €I and fy € J such that f = Xof1 + (1 — Xo)fe € K[Xy,...,X,]. Setting
Xg=1and Xg =0yields f = f; € I and f = f, € J respectively, hence
felnd. ]

4 Computational Complexity

In this section we want to discuss the computational complexity of the three
decision problems we encountered so far. A survey on complexity results about
polynomial ideals is given in [Ma97].

Definition 50. We define the following decision problems using a suitable
coding in sparse representation:

18



(1) The ideal membership problem is defined by
IM={(f fi,-. .. f) € QX1 . Xu)™H f e (fr,. o f)}
(2) The consistency problem is defined by
Cons = {(f1,..-. fs) € (Q[X1,.... Xu])*| L€ (f1,.... fo) }-
(3) The radical membership problem is defined by

RM = {(f, f1i,. ., fs) € (Q[X1,..., X)) fe Vi, fo) }-

Lower bounds of the complexity of those problems yield lower bounds for
the complexity of Buchberger’s Algorithm. Recall the standard complexity
classes

P C NP C PSPACE C EXP C NEXP C EXPSPACE

(for a definition, see e.g. [Pa94]).

4.1 Degree Bounds

An upper bound for IM can be obtained by the following degree bound which
is double exponential in the number of variables.

Theorem 51 (Hermann 1926). Let I = (f1,..., fs) < Q[X1,...,X,] be an
ideal and let d = max{deg(f1),...,deg(fs)}.

If f € I then there are qq,...,qs € Q[Xy,...,X,]| such that f = q1f1 +
4 g and

deg(q;) < deg(f) + (sd)*" foralli=1,...,s.

Using this bound it is possible to enumerate all monomials that can appear
in the ¢;, what leads to a system of linear equations. Therefore IM can be
reduced to a rank computation of a matrix of size double exponential in the
input size. For the latter problem there exist algorithms on a parallel ran-
dom access machine (PRAM) with a polynomial number of processors using
polylogarithmic time. By the Parallel Computation Thesis (parallel time =
sequential space) this yields an algorithm in exponential space. However, the
matrix is too large and cannot be written down in exponential space. But in
[Mag9] it is shown that the entries of the matrix can be generated on the fly
from the polynomial description and that this does not affect the algorithm
for the rank computation.

Theorem 52 (Mayr 1989).

IM € EXPSPACE.
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For CoNs the upper degree bound can be improved to be single exponential
in the number of variables. Again, by the Rabinovich trick, this also yields an
upper bound for RM.

Theorem 53 (Brownawell 1987). Let I = (fi,..., fs) <Q[Xy,..., X,] be an

ideal, p = min{s,n} and d = max{deg(f1),...,deg(fs)}

(1) If the f; have no common zero in C", then there are qq, . ..,qs € Q[ X1, ..., X,]
with 1 =q1f1 + -+ qsfs such that

deg(q;) < pnd" + pd fori=1,...s.

(2) If f € Q[Xy,...,X,] such that f(§) = 0 for all common zeros & of the
fi in C™, then there are e € Nsg and qu,...,qs € Q[Xy,...,X,] with
fe=aqfi+-+4qsfs such that

e<(p+1)(n+2)(d+ 1)+ and
deg(q;) < (u+1)(n+2)(d+ 1) fori=1,...,s.

With similar techniques, these bounds can be used to show the following
result.

Corollary 54.
Cons € PSPACE and RM € PSPACE.

Finally, we want to mention a degree bound for the polynomials in the
reduced Grobner basis of an ideal.

Theorem 55 (Dubé 1990). Let I = (f1,..., fs) S K[X1,...,X,] be an ideal

and let d = max{deg(f1),...,deg(fs)}.
Then for any monomial order, the total degree of polynomials in the reduced
Grobner basis for I is bounded above by

2<d;+d>

2n—1

4.2 Mayr—Meyer Ideals

In [MM82], Mayr and Meyer showed that Hermann’s double exponential degree
bound is asymptotically tight. We show a slightly modified construction from
[BS88]. Let n € N. For r € N we define e, := 2?". Then

er = (e,1)? for all » € Nyg.

We construct an ideal in the polynomial ring R over Q with the 10n variables

S, start
F, finish
B.i,...,Br4 counters
Crtyeo o Cra catalysts
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for each level r = 0, ..., n. For notational convenience, we will omit subscripts
from now on if r is fixed. Upper-case letters denote variables of level r and
lower-case letters denote variables of level » — 1. For » = 0 we define Iy < R
to be generated by

SC; — FC; B? fore=1,...,4.
If r > 0, then I, < R is generated by I,_; and

S — scq, scy — F),

Jer — sc, sc3 — feu,

feaby — fesby, sc3 — sca,

feaCiby — feoC;B;bs forve=1,...,4.

These ideals can be interpreted as quadratic counters. At level r, the ideal I,
counts to e, = 2.

Lemma 56. For allr =0,...,n we have
SCZ‘—FOZ‘B?EIT fOTizl,...,4.

Proof. Let i € {1,...,4}. We use induction on r. For r = 0 the assertion
follows from the definition. For » > 0 we have

S F

C1 Co C3 Cy

L] T T
| ! I

Cr—1 Er—1 €r—1 €r—1
bl b2 b3 b4

f Ciby—> C;B;bs3

bi—> by

Figure 1: A quadratic counter.
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SCZ = schi

= fe Cpby ! by induction
= SCQCJ)?il
= feaCiby by ! by induction

— fesCi BT b by

= fesCiB{ by by by

= 503C’iBf’“_1b?‘171b4 by induction
= 50,0 B by Ty

= OB T by induction

= fesCiB by Ty
= fesCiBI by g b
= sc3Cy B2 R by induction
=... repeating the previous 7 lines
er,—1 — 2 times
= 50301»3:3‘1172“1
= fC4OiBfg_lbir_l
= chlCZ-BZ-e - by induction
= FC;B{" (mod I,). O

A visualization of this proof is given by a path in the graph of Figure 1,
where monomials and differences of monomials are depicted by nodes and by
directed edges, respectively. Setting By = ...= B, =C; =...=Cy =1 at
level r = n, we obtain generators for the Mayr—Meyer ideal J,.

Proposition 57. Let J, = (f1,..., fs) < R.
1. We have S — F € J,.
2. If there are q1,...,qs € R with S — F = q1f1 + - -+ + qs fs, then for some
ie{l,...,s} we have
deg(q;) > ep1 = 22" !
Using this construction with techniques from complexity theory, Mayr and

Meyer could show that IM is EXPSPACE-hard. We obtain the following
final result.

Theorem 58 (Mayr & Meyer 1982, Mayr 1989).
IM € EXPSPACE-complete.
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