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Basic terminology of graph theory. I

Definition (Directed graph)

A directed graph G is a pair G = (V , E), where V is a set of any
nature, elements of which is called nodes, E is a set of ordered pairs
(u, v) called arcs.

Definition (In-degree and out-degree)

The out-degree of a node u is the number of distinct arcs (u, v) ∈ E ,
and the in-degree is the number of distinct arcs (v , u) ∈ E .
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Basic terminology of graph theory. II

Definition (Path)

A path from node u to node v is a sequence of arcs
(u, u1), (u1, u2), . . . , (uk , v), where
(u, u1), (ui , ui+1), (uk , v) ∈ E ,∀i = 1, k − 1.

Definition (Strongly connected component)

A strongly connected component (strong component for brevity) of
a graph G = (V , E) is a set of nodes such that for any pair of nodes u
and v in the set there is a path from u to v .

Definition (Diameter)

A diameter of a graph G = (V , E) is the maximum over all ordered
pairs (u, v) of the shortest path from u to v .
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Definition of the Web graph.

We consider pages in
the Web as nodes.
Links between pages
are arcs.
We obtain graph called
the Web graph.
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Properties of the Web graph.

1 Macroscopic structure of the Web graph
2 Diameter of the Web graph
3 In- and out-degree distributions
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Macroscopic structure of the Web graph.
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In- and out-degree distributions.

It is turned out that in-
and out-degree are
distributed according to
power law.
the probability that a
node has in-degree
(out-degree) i is
proportional to
(x > 1)
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In- and out-degree distributions.

In-degree: the exponent of
the power law is around
2.1
Out-degree: the exponent of
the power law is around
2.72
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Markov processes.

Definition (Markov process)

An S-valued Markov process is an infinite sequence of random
variables Xk = X0, X1, . . . ∈ S if S is finite and the probability function
P satisfies:
P(Xk+1 = b|X0 = a0, . . . , Xk = ak ) = P(Xk+1 = b|Xk = ak ) is the
same for all k > 0.
Its transition function is ω(a, b) = P(Xk+1 = b|Xk = a).
Its initial distribution is σ(a) = P(X0 = a).

In the Stochastic processes literature, this is technically called a
homogeneous, discrete time, finite space Markov process. In
applications of the theory, they are often simply called Markov
processes or Markov chains.
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Convergence of Markov processes. I

Definition (Period of state)

Let {Xk} be an S-valued Markov process. The period of a state
a ∈ S is the largest d satisfying: (∀k , n ∈ N)

P(Xn+k = a|Xk = a) > 0 ⇒ d divides n

If d = 1, then the state a is aperiodic.

Definition (Ergodic Markov process)

An ergodic Markov process is a Markov process {Xk} that is both
irreducible: every state is reachable from every other state.
aperiodic: the greatest common divisor of the states’ periods is
1.
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Convergence of Markov processes. II

Lemma (Ergodic Condition)

An irreducible S-valued Markov process with transition function ω that
has ω(a, a) > 0 for some state a ∈ S is aperiodic, and hence ergodic.

Theorem (Ergodic Convergence)

If {Xk} is an ergodic S-valued Markov process, then the probability
function converges for all a ∈ S:

lim
k→∞

P(Xk = a) = pa
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Transition matrix and stationary distribution.

If the set of states is
finite we can define
transition matrix.
If the Markov chain is
ergodic, then it has
unique stationary
probability distribution

Pij = ω(ai , aj),∀ai , aj ∈ S

πP = π πe = 1
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Power method.

‖π‖1 = πe
v is the first
approximation
ε is an accuracy

rate of convergence |λ2|
|λ1|

If P is row-stochastic
matrix then
λ1 = 1, 1 > |λ2| >
|λ3| > . . . > |λn| > 0

π(k+1) = π(k)P
function π(m) = PowerMethod(P, v , ε)

{
π(0) = v ;

k = 1;

repeat
π(k) = π(k−1)P;

δ = ‖π(k) − π(k−1)‖1;

k = k + 1;

until δ < ε;

}
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Defining of PageRank.

A is a page
c is a damping factor
Ti is a page, linking to the page A
π(A) is PageRank of a page A
l(Ti) is the number of outgoing link from Ti

π(A) =
(1− c)

n
+ c(π(T1)/l(T1) + . . . + π(Tm)/l(Tm))
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PageRank vector.

If we number all pages
we can define a
PageRank vector as row
vector whose every
entry is PageRank of
some page.
The PageRank vector is
a stationary distribution
of specially formed
Markov chain

p1 → π1,
p2 → π2,
. . . . . . . . . ,
pn → πn.
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Transition matrix.

P =


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
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Google matrix and PageRank.

G = cP + (1− c)1/nE

π = πG

πe = 1

Google: c = 0.85
About 6 clicks before going to arbitrary page

π =
1− c

n
et(I − cP)−1
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Power method for PageRank.

v = (1/n, 1/n, . . . , 1/n) is the first approximation
ε is an accuracy
PowerMethod(G, v , ε)

Rate of convergence = c
c = 0.85 ⇒ about 100 iterations
c = 0.99 ⇒ about 1000 iterations
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Decomposition a Google matrix.

P =


P11 P12 . . . P1N
P21 P22 . . . P2N

...
...

. . .
...

PN1 PN2 . . . PNN


where N < n. The PageRank vector is

π = (π1, π2, . . . , πN)

where πI is row vector with dim(πI) = nI and

N∑
I=1

nI = n
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Block-diagonal case.

P =


P1 0 . . . 0
0 P2 . . . 0
...

...
. . .

...
0 0 . . . PN


GI = cPI + (1− c)1/nIE

πI = πIGI

πIe = 1

Theorem
The PageRank π is given by

π =
(n1

n
π1,

n2

n
π2, . . . ,

nN

n
πN

)
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Macroscopic structure of the Web graph.
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2× 2 case.

P =

(
P11 P12
P21 P22

)
, π = (π1, π2)

π(I − P) = 0.

I − P = LDU

L =

(
I 0

−P21(I − P11)
−1 I

)
D =

(
I − P11 0

0 I − S

)

U =

(
I −(I − P11)

−1P12
0 I

)
S = P22 + P21(I − P11)

−1P12

πLD = 0

π2S = π2 π1 = π2P21(I − P11)
−1

σS = σ, σe = 1

π2 = ρσ πe = 1
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Aggregation/Disaggregation methods.

The Power Method
converges for components
with different rate and we do
more then need iteration for
the components.

π = (π1, π2, . . . , πN)

G =


G11 G12 . . . G1N
G21 G22 . . . G2N

...
...

. . .
...

GN1 GN2 . . . GNN


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Blockrank method.

πi , i = 1, N

πi = PowerMethod(Gii ,
1
n

et , ε)

Aij = πiGije
νA = ν

π̃ = (ν1π1, . . . , νNπN)

π = PowerMethod(G, π̃, ε)

G =


G11 G12 . . . G1N
G21 G22 . . . G2N

...
...

. . .
...

GN1 GN2 . . . GNN


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Blockrank method.
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Iteration aggregation/disaggregation method.

function π(m) = IAD(G, v , ε){
π(0) = v ;

k = 1;

repeat

A(k)
ij = π

(k)
i Gije;

ν(k)A(k) = ν(k);

π̃(k) = (ν
(k)
1 [π

(k)
1 ], . . . , ν

(k)
N [π

(k)
N ])

π(k+1) = π̃(k)Gm

δ = ‖π(k+1) − π(k)‖1;

k = k + 1;

until δ < ε;

}

[πi ] =
πi

πie

π = (π1, π2, . . . , πN)

G =


G11 G12 . . . G1N
G21 G22 . . . G2N

...
...

. . .
...

GN1 GN2 . . . GNN


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Summary

The World Wide Web was represented as a directed graph and
properties if the Web graph was considered.
PageRank algorithm and different methods of finding PageRank
are discussed.

Outlook
Convergence of Iteration aggregation/disaggregation method will
be researched.

Danil Nemirovsky Web graph and PageRank algorithm



Web graph
Markov theory

PageRank
Decomposition

Aggregation/Disaggregation methods
Summary

Thank you for your patience and attention!
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