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1 Introduction

This is a short introduction to the finite element method (FEM), which is,
besides others like the finite differences approximation, a technique to solve
partial differential equations (PDE’s) numerically.

The FEM was mainly developed for equations of elasticity and struc-
tural mechanics. In these fields problems have to be solved in complicated
and irregular geometries. So one of the main advantages of the FEM, in
comparison to the finite differences approximation, lies in the flexibility
concerning the geometry of the domain where the PDE is to be solved.
Moreover the FEM is perfectly suitable as adaptive method, because it
makes local refinements of the solution easily possible.

The method does not operate on the PDE itself, instead the PDE is trans-
formed to a equivalent variational or weak form. This will be the topic of
the second part: the variational principle.

A first approach to solve the variational or weak form was made by
Ritz (1908). A discussion of this method is the subject in the third section:
the Ritz method.

Considering the disadvantages of the Ritz method will lead to the finite
element method and to the fourth and last part: the finite element method.



2 The Variational Principle

Partial differential equations (PDE) are separated into different types which
behave very differently and demand an entirely own treatment. In the field
of second-order linear differential equations three types are of fundamental
interest, these are the hyperbolic, parabolic and elliptic equations. Depend-
ing on the type of the PDE boundary or initial conditions have to be given.

The main focus of the finite element method are elliptic PDE’s so we
will concentrate on this type. The correct side conditions for elliptic PDE’s
are boundary conditions.

Definition: Elliptic Partial Differential Equation
Let be 2 € R™ open, f : Q@ — R and L a linear elliptic Operator in the form

Lu=— Z 0j(aj(x) Oiu) + ap(x)u 1)

ij=1

where A(x) := (a;j(x)):; symmetric positive definite.

Then
Lu=f inQ
is called elliptic partial differential equation.
Example 1:
1
for A(x) = & aij(z) = 0;; and ap(x) =0

1

= Lu = —Z@fu = —Au
i=1
so we obtain the Poisson Equation —Au = f which is the prototype of an
elliptic partial differential equation.

Boundary conditions for elliptic partial differential equations are

u=gqg on Jf) (Dirichlet boundary condition)
or Oyu=nh on 9% (Neumann boundary condition)

Consider now the elliptic PDE with homogeneous Dirichlet boundary
conditions:

Lu = f in 2
u = 0 on 0f)

for this situation will we state the following theorem.
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Theorem: The Variational Principle
Let be L a linear elliptic Operator as in (1), ag > 0and V = {v € C2N C(Q) :
v =0o0n 00}
For w € V are equivalent:
(i) Lu=f
(ii) a(u,v) = (f,v) YveV

where a(u,v) = [ > i j=1 @ijOiudjv + aguvdxr
Q
and (f,v) = [ fodz
Q

(iii) u = arg Hél‘r/l I(v) with I(v) = 2a(v,v) — (f,v)
Proof:
(i)=(3i):

Lu=f < 0= [ v(Lu— f)dx YoeV

{O\

& 0= /Z a;j0;u0jv + aguv — fudx YveV
Q b
< a(u,v) = (f,v) YvoeV

the second transformation is done by Green’s Theorem whereas the bound-
ary integral is zero since v € V vanishes on ().

(ii)=-(iii): For v, v € V and ¢t € R we get

1
Iu+tv) = §a(u+tv,u+tv)—(f,u+tv)
2

= I(w) + ta(u,0) — (f,v)) + Sa(v,0)
—_———— 2
=0
Ift =1and v # 0 then

IHu+v) = I(u)—&—%a(v,v)
>0

> I(u)
So u minimises I over V. Additionally, for v € Vis: a(v,v) =0=v =10,
thus u is the unique minimal point of I over V.
(iif)=-(ii): I has a stationary point at u, since v minimises I, so

0
EI(U"‘tU)‘t:O =0



with

I(u+tv) = %a(u, w) — (f,u) + ta(u,v) — (f,v) + t2%a(v,v)

we recieve
0
({%I(u + t’l))‘t 0o (a(ua U) - (f> ’U) + t(a(va U))‘t:()
= a(u,v) = (f,v)
together
0= CL(U,U) - (f,U)
Remarks:

e The boundary condition © = 0 on 0f2 is satisfied through the choice
of the space V = {v € C*(Q) N C(Q) : v = 0 on IQ}.

Equation (ii) a(u, v) = (f,v) is called weak form of the pde.

Equation (iii) v = argmin,cy I(v) is called variational form of the

pde.

e If such an v exists, it is unique.

A solution can be guaranteed (by the Lax-Milgram Theorem ) if the
space V' is expanded appropriate (— Sobolev Spaces)

Example 2: Assume the Poisson equation with homogeneous Dirichlet
boundary condition:

—Au=f u = 0 on 0f) (2)

WithV = {v € C*()NC(Q) : v =00n 9N} and a(u,v) = [, > 1. @ijOiudju+
apuvdr where a;; = d;j,a0 = 0 (cp. example 1) so a(u,v) = [ 37, ; 8 u6 vdx

the variational principle says, that instead of (2) we may solve

I(v )2dx — d
gél‘r/l /Z x/fv:p

a(v,v) (f,v)

or
a(u,v) = (f,v) YveV

So far we have been assuming that the problem is given with homoge-
nous Dirichlet boundary conditions (i.e. v = 0 on 9f). In general this
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may not be the case. Nonetheless it is no loss of generality if we assume
homogenous Dirichlet boundary conditions.

Suppose the problem: Lu = f, wu = g on df}
If we solve the equation a(w,v) = (f — Lg,v) Yv eV

wegetwithw:=u—g a(w,v) = (f — Lg,v)
A CL(’LL,U)—CL(Q,U):(f,’U)—(Lg,’U)
& a(u,v) = (f,v)

so u satisfies Lu = f. On 02 we have:

Ozwa = (U_g)‘ag Ag u‘aﬁ :g|8§2

so u also satisfies the boundary condition v = g on 0S2.

Now we are going to have a short view on Neumann boundary condi-
tions. Suppose the problem: Lu = f, 7. a;j0,u = h on 0

Remember that we used Green’s Theorem to transform (Lu,v) into
a(u,v), and no boundary integrals are left in the bilinear form a because of
the homogeneous Dirichlet boundary condition (v = 0 on 9€2). In the above
problem Neumann boundary conditions are given, so we cannot expect
that v will vanish at the boundary of 2. Hence the boundary integral does
not vanish and (Lu, v) becomes:

(Lu,v) = a(u,v) + (h,v)aq where (h,v)sn = / hvdzx
oN

so the weak form of the PDE changes to:

a(u,v) = (f,v) = (h,v)aq

and the variational form becomes:

1) = ya(v, ) ~ (,v) = (b V)ao

3 The Ritz Method

So far we have seen, that instead of solving the PDE we may solve the equa-
tion a(u,v) = (f,v) Vv € V with a particular bilinear form a which de-
pends on the given PDE, or minimise a certain functional I(v) = a(v,v) —
(f,v) respectively.

But since V = {v € C?(Q) N C() : v = 0 on IN} is an infinite-dimensional
space, this is still a though problem.



In 1908 Ritz posed the idea, to search the solution v on a finite-dimensional
subspace V;, C V. So he was looking for a approximation of u by finding a
function uy, € V}, that satisfies

a(up,v) = (f,vp) Vo, € V)

This rises immediately the questions how to find such uy, if it is easy to
find it and how good it approximates our solution u. We will answer these
questions in this order.

How to find this u;,? Let (¢;);=1—, be a basis of V}. So u, € V}, can be
written as up, = Y ;- ¢
Then u;, must satisfy:

aup,vp) = (f,vn) Vup € Vi

Ang a(un, ¢5) = (f,¢5) vj

A a(z cipi, ;) = (f: ;) Vj

& > ci aleie;) = e Vj
=a;; —bg

which is nothing else but a, linear system of equations: Ac =b.

The approach from the variational form respectively the minimising
problem

0
in I & —JT)=0 VYoV
Join (vp) or (vn) vpEe V),

0
o1 E ipi) = '
= aCj( icgo) 0 Y

lead to the same linear system of equations.

Obviously this is now a very simple problem and many methods in nu-
merical linear algebra exists to solve linear systems of equations, so finding
up, is very easy.

The Matrix A = (a(pi, ¢;)); is called stiffness matrix due to the fact
that first applications of the finite element method has been made by engi-
neers in the field of structural mechanics.

Example 3:
Consider the Poisson equation with homogeneous Dirichlet boundary con-
ditions in one dimension:

~Au=2? u=00n0dQ and Q = [0, 1]



Let the basis {1, @2} of V}, be as follows:

v1 =2(1—x) = ¢i=1-2x
o = 22(1 — ) = ) =22% — 323

with a(u,v) = [ 37, ; Giudjvdz (cp. example 2) we get

1
a(pr, 1) = /0 () 2d =

a2, 02) = /0 (¢h)2da

1
a(p1,p2) = alpz, 1) = /o rpade = G

11
3 6
so the stiffness matrixis: A =
12
6 15
Moreover
! 1
— d _ — —
(fie1) /0 fprdz 50
! 1
g d _ —_——
(fi2) /o fpadz 30
_1
20
therefore we obtain the right hand side b, =
1
T30

1
15

Solving Ajc = by yields ¢ =
1

6
Finally we receive the approximation uj, of u (Fig. 1):

1, 1 5 1
uh261s01+62s02=—6m +Eaz +1—5x

Remarks:

e Solving a PDE is reduced to solving a linear system of equations,

which is a relatively easy task in numerics and there are lot of meth-
ods for this problem



/

exact solution
—— approximation

Figure 1: example for Ritz method

e uy, is the best approximation in V}, in respect to the Norm induced
by a (Cea Lemma) (which answers our third questions raised in the
beginning of this chapter).

e This method has still two disadvantages:
First the matrix A, is dense, so the computation of A,c = by, will be
relatively slow, because we can expect, that A will become very big
for accurate approximations.
And second may it be quite difficult to find a basis (¢;)i=1..n, of V},
where all the functions ¢; satisfy the boundary conditions, especially
for irregular domains 2.
The finite element method will overcome these two problems.

4 The Finite Element Method

If it is possible to find a basis (¢;)i=1.., of V;, where each ¢; vanishes on
most part of the domain (2 (this is called ¢; has local support (Fig. 2)), it
follows that:

— a(pi, p;) = 0 for most ij, because whenever one of the basis functions
is zero at a certain point = € {2 the product of ¢} and /; vanishes and
so does a(p;, ;).

— the matrix A;, will be sparse, since most of the entries a(y;, ¢;) are
Zero.

— the boundary conditions have to be satisfied by only these few ¢;,
which do not vanish at 9€2.



Figure 2: local support of basis functions

The idea of the FEM is to discretise the domain 2 into finite elements
and define functions ¢; which vanish on most of these elements.

First we choose a geometric shape and divide the domain (2 into a finite
number of regions. In one dimension the domain €2 is split into intervals.
In two dimensions the elements are usually of triangular or quadrilateral
shape. And in three dimensions tetrahedral or hexahedral forms are most
common. Most elements used in practice have fairly simple geometries,
because this results in very easy computation, since integrating over these
shapes is quite basic.

The basis functions ¢; are usually not defined directly. Instead a func-
tion type, the so called ansatz function, (e.g. linear or quadratic polynomial)
is selected which our approximation uj, of u should adopt on each of these
elements. Most commonly a linear ansatz function is chosen, which means
that uj, will be a linear function on each element and continuous over 2
(but not continuously differentiable).

Each element possesses a set of distinguishing points called nodal points
or nodes. Nodes define the element geometry, and are the degrees of free-
dom of the ansatz function. So the number of nodes in a element depends
on the ansatz function as well as the geometry. They are usually located at
the corners or end points of elements. For higher-order (higher than linear)
ansatz functions, nodes are also placed on sides or faces, as well as perhaps
the interior of the element (Fig. 3).

The combination of the geometric shape of the finite element and their
associated ansatz function on this region is referred as finite element type.
The basis (¢;)i=1..., arise from the choice of the finite element type.

Example 4: Linear finite elements in 1 dimension
Let us approximate u by a piecewise linear function u;, on the domain Q2 C
R (Fig. 4).



linear quadratic polynomial
ansatz function ansatz function

imation u
W approxima h\

-

/'é hodes

finite element

Figure 3: example of finite element types

Yi

Xiq Z;
node i — 1 \ﬁ/—/‘\nodei
element 7

Figure 4: linear finite elements in 1 dimension
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This leads to the well kmown B-Spline basis (Fig. 5):

®i-1 \ Q©;
/ N\
/" N\
/
/ N , )

Figure 5: basis of 1 dimensional linear finite elements

A

;?1—_33712—711 T € [a:i_l,xi]
pi(r) = § T 2 € (24, Tig]
0 else

And uy, can be written as

Up = Z Yipi
i

In 2 dimensions the basis looks similar (Fig. 6).

Figure 6: basis function of 2 dimensional linear finite elements

Advantages of the Finite Element Basis

e Itis very easy to find a basis (¢;)i=1.., for any given (and arbitrarily
irregular) domain €.

e Itis very easy to put up

e Every ¢; has local support
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Model Algorithm of the Finite Element Method

1. transform the given PDE Lu = f via the variational principle into
a(u,v) = (f,v) Yo eV

2. select a finite element type
3. discretise the domain €2

4. derive the basis (¢;);=1..., from the discretisation and the chosen ansatz
function

5. calculate the stiffness matrix A, = (a(y;,¢;));; and the right hand
side b, = (f, ¢i)

6. solve AhC = bh

7. obtain (and visualise) the approximation uy, = >, ¢;¢;
Remarks:

e The size of the stiffness matrix A;, and therefore the calculation costs
depends on the number of nodes in the discretisation of (2. Further-
more is the quantity of nodal points depending on the number of
elements the domain {2 is divided into and the used ansatz function.

e Actually we do not have to put up the basis (¢;)i—1..., explicit (step 4)
to calculate the stiffness matrix Aj,. Instead it is possible to calculate
for each element the contribution to Aj;, and sum these contributions
up. Usually the contributions differ only by a factor from each other,
so there are very few integrals to evaluate to acquire the stiffness ma-
trix Ay,.

Example 5:
Again, consider the Poisson equation with homogeneous Dirichlet bound-
ary conditions in one dimension:

—Au =2z u=0o0ndN and 2 = [0, 1]
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We choose linear finite elements (Fig. 5) and with a(u,v) = [, > Odjvdr =
fol u'v'dz (cp. example 2) we get for each element (Fig. 7)

alpnr) = [ (o=
element i
1
a(pi-1,pi-1) = z
alpi-1,¢i) = alpi-1,¢i) = / tp;,lgoédx:—%
element 1

so the contribution from every element i to the stiffness matrix is

v

—h—

—
element ¢

Figure 7: elementwise integration of the basis functions

1/ 1 -1
A’”':h(—1 1>

and under consideration of the boundary conditions we receive

2 -1

Ah:ZAhi:% -

Computing by, = (22, ;) is done similarly.
Solving Ajc = by, yields the approximation we see in Fig. 8.

This is definitely the most simple version of the FEM, but in principle
all FEM programs work in this way.
More sophisticated versions of the FEM use geometric shapes which are
more complicated and adjusted to the given problem. Moreover they use
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Figure 8: approximation of 1 dimensional poisson equation

other basis functions, to obtain approximations with certain properties, e.g.
more smoothness.

Additionally it is usually possible to make local refinements of the approxi-
mation uj, which means that the resolution of wy, is not equal over the whole
domain Q. This leads to the situation, that the basis functions have a very
small support in a certain region of the domain 2 (where a good approx-
imation of u is important, e.g. the solution is changing very fast) and in
other regions the support of the basis functions are relatively big.

But these are all subtleties, and this is only to draw the outline of the con-
cept of the finite element method.
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