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Introduction

Problem in R|X]

1

Y

Problem in (R/m)[X]

Solution in R| X|

A

3

- Solution in (R/m)[X]

One image problem modulo m

Lift solution modulo m2*



Newton’s lteration




Analytical vs. m-adic Iteration

analytical m-adic
valuation - |- [
basic domain Q R
completion R R
iteration Infinite finite
convergence | depends on «'? | guaranteed
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Inverse Limit

Definition. {R,,} sequence of rings with homomorphisms
{6,}:

0n—2 Hn—l Hn 9n—|—1
'%Rn—l%Rn%Rn—H%

A sequence {a,}, a, € R,, is coherent, if
0n(Gpi1) = a, Vn.

Ring of coherent sequences: inverse limit of { R, },

A

R :=1lmR,,.
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m-adic Completion

R commutative ring, m ideal of R.
m"t c m"” = canonical map

0, : R/m"™ — R/m", z+m""—z4+m’

Definition. The m-adic completion of £ is the inverse limit
of {R/m"}:
Ry = lim R/m".
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Examples of Completions

p-adic Integers:

Z, =1limZ/(p)".

Formal power series in k£ variables:

R[X1, ..., X3]] = lim R[X,, ..., X4/ (X, ..
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CorrespondenceR «— R,

r€eER <— xe€ R, ?
Canonical map

0:R— Ry, x—{x+m'}

ker 6 = ﬂn m”.
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Krull Intersection Theorem

Proposition (Krull). Let /X be a Noetherian ring, m an
ideal, M a finitely-generated R-module, x € M.
Then

€ ﬂnm"’M — (14 m)z = {0}.

Corollary. If m is proper, then

ker 6 = ﬂn m" = {0}

and 6 : R — R, is injective.
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One Dimensional lteration

R Noetherian commutative ring with unit, m
maximal ideal of R — R/mis a field.

f(Z) € R|Z], a zero of f(Z) in Ry,.

o = o (mod mFth).

Proposition. Leta € Ry and f(X) € Ry, | X|.
LD

mod m").
s fat ) = ) ™



Taylor's Formula

f(Z) = (@) + fia"D)(Z — oY)
4 %f//(a(k—l))(z o @(k_l))2 4.

0= f(a) = f(a" )+ f'(a® ) (a —a®P)

(mod m*").



Basic lteration Formula

(k—1) (2k—1) (k—1)

=3¢’
— — /(@) fla )

Basic iteration formula modulo m?2*:

(mod m**).

o(2k=1) _ (k1)

= {—f’(oz(k_l))_1 mod mk} : {f(oz(k_l)) mod m%}




Linear lteration

= |—f(a* ™! mod m} : {f(oz(kl)) mod m"*?
—F/(@)7 - (@) (mod m)

_Inear Iteration formula:

o® — o = (@)1 (0 D) (mod m)




Hensel Lifting

Proposition. Let /X be an integral domain, m an ideal of X

and f(Z) € R|Z].
If
f(@®) =0 (mod m)

such that f/(a9)~! exists in R/m,
then there is a unique o € R, such that

fla)=0

and o = a'¥ (mod m).
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Optimization: Principal Ideals

m = (p).

a=ay+ap+ap’+ -, agza(O).

= —f(@* ) f(a”)7" (mod mF*h).




Quadratic Iteration mod m?*

9(2) =bzZ — 1,
b= f'(a), B%) :=b"' (mod m**1).
32k=1) _ glk=1)
k-1 _ glk=1)

(1=b- g% D) b7
(1—0b-p%-by. glk=1)

2= _ (=1 — _ p(oh-1)y L gl

)

6(2]6—1) o ﬁ(k_l) _ (1 o f/(Oé(Qk_l)) . ﬂ(k_l)) : ﬂ(k—l)




Division Elimination

f(Z) square-free.
F(2)A(Z) - [(2)B(Z) = 1
(e N AF ) =1 (mod mb).

2k—1) k—1)

21 _ [

— {A(Oz(k_l)) mod mk} : [—f(a(k_l)) mod m%}




Multidimensional lteration

) /j—%(f) g—gﬁ) 7 7))

o of | @) 22z 2 ()
J(:I}) _ ?(x) _ Zl. 622: 6’Zn:

o (7) G(7) o (7))



LI

near lteration

Basic iteration formula:

&<2k_1) o &(k—l) _ _J(C—l{»(k—l))—l : f(&(k—l))

(mod m?¥)

Linear iteration formula:

Q

—

B _ =t — 3@ =1, f(@* )  (mod m

k+1)




Multivariate Hensel Lifting

Proposition. Let /X be an integral domain with an ideal m.
Let f € R[Zi, ..., Z,]" and denote its Jacobian w.r.t. the
Z; by J. If

f(@”) =0 (mod m)
such that det J(&@'?)) has an inverse in R/m,
then there exists a unique a € R such that

—

fl@) =0
and @ = @° (mod m).
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Quadratic Iteration mod m?*

YED . J(@*bv)) =1 (mod mk).

G- _ g1 — (1) F( g

)

Synopsis:
Linear iteration: slow convergence

Quadratic iteration: repeated maitrix inversion
or double iteration



Hensel's Lemma

Lemma (Hensel). Let X be an integral domain,
F(Z) € R|Z] monic and m an ideal of R. If there exist

relatively prime G(Z), H(Z) € (R/m)[Z] such that
F(Z)=G(Z)H(Z) (mod m),
then there exist G(Z), H(Z) € Rw|Z] such that

G(Z)=G(Z), H(Z)=H(Z) (modm)



Proof of Hensel's Lemma

F(2)=Z"+ fiZ" " + - + f4,
G(Z) =2 +9"2"" + -+ g

r

HZ) =z +rYz 1 ... + BO,

Ji € R, 9@-(0),%(0) e R/m, d=r+s.

G(Z)
H(Z)

Zr__glzr_1+"'_|_gry
75+ hZ 4.+ h,




Coefficient Equations

Coefficient equations of G(Z)H(Z) = F(Z):

g1 T hy = f1,
g2+ gih1 + ha = fo,

grhs—1+ gr—1hs = fa—1,
grhs — fd-



Sylvester Matrix

Jacobian = Sylvester matrix:

det hz hl S gs (g1 - -- 0




Sparse Hensel Algorithm

K field, R = K[X1,..., X,].

fl(Ela = s =y Em) — pl(X17 - . 7X’U)7

fn(Elv 0 < 7Em) :pn(X17 0 0 © 7X’U)7
m<n, =,p €R, deng = < d;.

Oracle: solution modulo (X; — x1,..., X, — x,).

Ferien-Akademie 2004 Sarntal/Sudtirol: Polynomials — Efficient Algorithms and Applications — p. 27



The k" Stage

fi(

S

— —
=, = Cj1 X 1

t; = #{non-zero terms},

/O

[r—
_117...

||

7":"777,

[ |

7:'m

CioX 2

) — pl(Xl, .« .. ,Xk),

) — pn(Xla ce 7X/€)

Random ideal: (X — z).

cit, X (mod (Xj—1)),

—

X =(X1,..., Xp1).
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Sparsity Assumption

New indeterminates: A;;, 1< j <t,.

fj(AﬂXgll —= © © 0 gF Alti)zglti, S
A/\ml)zigm1 4 Amtmigmtm) — p](X17 - 7Xk—1; Xk)

g1(A11, - A ) = @1(Xg),

QN(AH; C 7Amtm) — QN(Xk)-
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Hensel Lifting

Aij = cij  (mod (Xy — xy)).

A’L]_Cz]+c()(Xk_$k)—|—C()(Xk—gljk) € ...
=dy) +d) X+ d) X7 +



Costs

v(v —1)dT
5 .

Pr(imprecise evaluation point) <

v(v —1)dT?

€

B >
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